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We have obtained a systematic expansion for the trace of the Green’s function of electrons
moving in a disordered alloy. In our expansion, the terms are classified by a path length
which, for some models, takes on discrete values. The expansion is strongly convergent for
large complex energies, but seems to be surprisingly useful even for nearly real energies.
We present numerical calculations of the density of states for a one-dimensional system.

I. INTRODUCTION

Imagine emitting a pulse of sound from a point
into some inhomogeneous environment and then
waiting a short time ¢ for the echoes. The result
may be calculated exactly, knowing the properties
of the environment within an influence sphere of
radius $ct about the initial point, where c is an
appropriate sound velocity. We contrast this solu-
ble problem with the very difficult one of reliably
calculating the exact sonic dispersion relation in
an inhomogeneous medium.

A qualitatively similar situation occurs for elec-
trons in a disordered (or partially disordered) al-
loy. Of course, there is no strict limit on the vel-
ocity of motion of an electron (in a nonrelativistic
theory). Nevertheless, over short time intervals,
the motion is still essentially confined within an

influence sphere, and this suggest the possibility
of making a local calculation of some aspect of
the electron dynamics. In this paper, we explore
this possibility. The results are quite simple and
interesting.

First, we have obtained a perfectly systematic
and convergent “echo” expansion of the trace of the
electron Green’s function for complex energy z:

TrG(2)=20,f1(2) e*E, k=Vz . (1.1)
We consider noninteracting electrons moving in the
presence of many “atomic” potentials V,, with
kinetic energy Hozpz/ 2m. In the present paper,
we limit ourselves to one-dimensional problems
with §-function potentials on the sites of a fixed
lattice. None of these limitations are essential in
the present method. We define the Green’s func-
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tion G(z) by the formal equation

G(z)=1/(z~H), H=Hy+23,V,. (1.2)
The quantity z is the complex energy, and we choose
the square root which makes the exponentials in
(1.1) decrease as z increases. The successive
terms of the expansion (1.1) are labeled by a path
length L which indicates their rate of exponential
decrease. For substitutional alloys, the possible
path lengths L which occur in (1.1) form a discrete
set. The functions f;(z) are algebraic functions of
z for sufficiently large z.

Second, the systematic expansion (1.1) is simply
a rearrangement of the usual multiple-scattering
series, =3 e. , the usual expansion of G(z) in terms
of an unperturbed Green’s function Gy(z),

Go(2)=1/(z - Hy) ,
(1.3)
G=Gy+23GoT,Go+ 20 20 GoT,GoTpGo+" "+ ,
n

n m(#n)

where T,(2z) is the T matrix for the nth atomic po-
tential, defined as the solution of the formal equa-
tion

T (2)=V,+V,Go(2)T,(2) . (1.4)
The exponential factors exp(iLVz) in the expansion
(1.1) come from the unperturbed Green’s functions
in (1.3). Graphically, each f,(z) arises from
closed-loop diagrams in which the total elapsed dis-
tance is L and in which various stops at potentials
V, occur. Geometrically, these paths are precise-
ly those giving echoes at the time L/c for the ana-
logous sound-propagation problem. Rearranging
the series (1. 3) into the echo series (1.1) makes
certain troublesome subsequences absolutely con-
vergent even for real energies (see Sec. IV).

Third, we are able to clearly exhibit the rather
oblique sense in which the Friedel one-impurity
theory becomes correct in the low-density limit,3~5
This question was raised and discussed (in another
context) by Anderson.®

Fourth, our results suggest a number of practical
programs for calculating properties of disordered
alloys. We may attempt to calculate TrG(z) for
complex energies and then analytically continue it
back to real energy, thereby obtaining the density
of states

p(E)=~-1/m)lim Im TrG(E +in) as n~0*. (1.5)
Alternatively, as has been suggested by Langer,®
we may compute TrG(E,+iI'), where the series is
convergent. The result directly gives a Lorentzian
average (of width T') over the nearby real density

of states, omitting only the high-frequency varia-
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tions.

Finally, directly computing the terms f;(z) for
large z, we may compare (and contrast) with the
results of approximation techniques of the self-en-
ergy type.* "% Used in this last fashion, the echo
expansion is related to a well-known moment-ex-
pansion technique.!® When possible, one expands
the trace of a Green’s function in the fashion

1
z—H

(1.6)

Tr =l+—17 TrH+—13—TrH2+--- ,
Z2 z z

and thus the limit of TrG(z) for large z is related
to moments of the total density of states. This ex-
pansion (1. 8) cannot be used if the spectrum of H
is unbounded, as for Ho=p2/ 2m; the echo expansion
(1.1) is an extension of (1. 6) to that case.

Because the echo expansion is an exact treatment
and not at all an approximation scheme, there is
no restriction to “nearly ordered” or “highly dis-
ordered” systems. However, in its present form,
the echo expansion is only a practical approach for
systems with lumped inhomogeneities. The expan-
sion coefficients f;(z) are easily evaluated if the
atomic potentials V, are placed substitutionally on
lattice sites and are geometrically small compared
to their separations. The one-dimensional Kronig-
Penney-like lattices represent the extreme limit
in which these convenience conditions are satisfied.
In these systems, the disorder is only in the
strengths of the §-function potentials. Since we
make no approximation in the treatment of this dis-
order, we believe that our technique will provide a
standpoint for critical evaluation of approximate
techniques for dealing with multiple-scattering
series.

II. ECHO EXPANSION

In this section, we give a constructive definition
of the echo expansion. While this discussion is not
strictly systematic, we think it permits the clearest
and most rapid exposition. Our approach will be
to show that terms of the type shown in Eq.

(1.1) emerge from evaluation of the traces of the
various terms in the multiple-scattering series
(1.3). When the reader understands the method of
grouping the multiple-scattering terms, we think
that it will be obvious that the grouping is indeed
perfectly systematic and complete (i.e., each
multiple-scattering term enters into one echo-
series term). The conclusive check, however, will
be the application of the series to the soluble Kro-
nig-Penney model, considered in Sec. III.

In the present section, we give formulas appro-
priate to the disordered one-dimensional d-function
potential problem, defined by the potential

v(x) =222, 8'x — nb) (2.1)
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appearing in a Schrdodinger equation
" +olx)=R3(x) .

The constant b in (2.1) is the lattice spacing, and
the coefficient A, gives the strength of the “atomic”
potential on the nth site. We simulate a two-com-
ponent substitutional alloy if we allow the 1, to take
on two values. Many of our formulas and state-
ments about general analytic properties must be
slightly modified if the potentials do not have the
simple form (2.1), and so we restrict ourselves to
this class of potentials for the duration of this
paper.

The total potential (2.1) may then be regarded as

a superposition of local potentials v,(x) of the form
V(%) =2, 6(x —a) . (2.2)

Using the one-dimensional unperturbed Green’s func-
tion in the space-energy representation,

Golx, &' 2) = (1/2ik) '™ ¥ | p=vz (2.3)
we easily solve Eq. (1.4) for the T matrices:
A
LEYPY) [N  E— - ' _
Tolx, "5 2) =7 LT o(x-a)d(x' —a). (2.4)

For convenience in the sequel, we define the numer-
ical constant

£, =2,/ (2 = 1,) . (2.5)

Now, we are equipped to begin consideration of the
traces of the terms of the multiple-scattering
series (1. 3).

In order to obtain finite results, we wish to con-
sider the traces per unit volume of alloy, i.e.,

L
TrG(z)Elim—II:f G(x, x;2)dx as L-». (2.6)
0

In the sequel, this will be the usage of the symbol

“Tr” with the capitalized 7. The symbol “tr” will

stand for the trace without the division by L and,

of course, will only be applied to bounded operators.
As an example of definition (2. 6), consider the

contribution of the unperturbed Green’s function

Gy. The result is clearly

TrGy(z)=1/2ik .

This is the first trace encountered in examining the
multiple-scattering series.

The next class of traces correspond to the one-
atom terms

20 . Tr(GyT,Gy) -

We assume that there is no large-scale order in
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the atomic compositions. That is, the a priori
probability that site » carries potential X, is as-
sumed to be independent of #n. This assumption
does not preclude any type of covrelation among the
alloy components. We make no assumption on the
pair correlation function, but, rather, assume that
the one-atom distribution function is independent
of position. In a perfectly ordered ABABAB. .. al-
loy, this amounts to averaging over two configura-
tions shifted by one lattice spacing (and each having
identical density of states).

With this assumption, and recognition that there
are L/b sites in length L, we have

22 Tr(GoT,Go) = (1/b)tr(G,T,Gy) ,

where the right-hand expression must, of course,
be appropriately averaged over values of ;.

Then we assert that the first term in the “echo
expansion” of (1.1) is the sum of the two above
quantities,

fo(2)=TrGy+ (1/b) tr(G,T,G,) - 2.7

These terms (as we show below)are all the contribu-
tions to TrG(z) which do not decrease exponentially
for large complex energy.

We further evaluate the one-atom terms by recog-
nizing two quite general equations (applicable also
to three-dimensional problems),

d

-5 Go=G{ (2. 82)
d 2

-d—Z- T,=T,GyT, . (2. 8b)

Using the second of these equations, we see

TrGgT,, = —diz tr InT, .

From this expression, we can immediately read
off the Friedel formula for the change in density of
states of a one-impurity system. The imaginary
part of the natural logarithm of T, is, for real en-
ergies, the usual phase shift. In three dimensions,
this leads to the formula

2 d

i)

E =

opP(E) IE“) (2l+1)—E 6,(E)

for the one-atom contribution to the change in den-
sity of states. We can see that these Friedel terms
dominate at large complex energy.

For our model one-dimensional problem, Eq.
(2.7) is evaluated to be

1 tad
fu(z)—2~ -3z In(2ik ty) .

m (2.9)



3042

Here again, an average over the occupations of site
1 is implied, i.e., over the possible values of ¢;.
Now we consider the largest of the exponentially
decreasing terms of (1.1). These correspond to the
shortest permitted echo path, which has length L

=2b. The result is
2ikb 1 d
Sop(2) €170 = — b dz tr(G,T,G,oT,) . (2.10)

The relation to the terms of the multiple-scattering
series is clarified by performing the indicated dif-
ferentiations in (2. 10) using formulas (2.8). We see

- Zz% tr(GoT Gy Ts) = tr(Go TGy T5Go + G TGy T, Gy

+ Gy TG TGy T Gy + GaT5Go T1Go T,Gy) (2.11)
and the resulting quantities are indeed traces of
terms in the multiple-scattering series. Notice
the unequal powers of T, appear. That is, the con-
tributions to f,,(z), a typical echo term, are not
homogeneous in powers of T,. Instead, as we have
remarked, the terms are grouped by their rate of
exponential decrease for large complex z and this
feature is the basis of our rearrangement of the
multiple-scattering series.

The detailed question of correct counting of con-
tributions such as (2. 10) is settled more conclusive-
ly in Sec. III. For now, notice that because we
want the trace per distance b, we may limit our-
selves to contributions associated with a typical
unit cell. Then, while the value of T, is averaged
over, the values of T, are fixed by appropriate
conditional probabilities.

The general contribution having an exponential
decrease rate determined by L =2b is associated
with a trace involving two adjacent “atoms.” We
have made the convention of associating each such

contribution with the atom on the left. Thus, the
trace
1d
b dz tr(GoTyG,T))
is also counted, but associated with the unit cell of
T,.

We represent the trace of Eq. (2.10) by the dia-
gram of Fig. 1. The circles represent T matrices
and the lines represent factors G,. This is a dia-
gram in configuration (position) space, and the

T ®

FIG. 1., Diagram corresponding
to echo path length L =2b, The cir-
cles represent atomic 7' matrices,
and they are joined by unperturbed
Green’s functions.
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:

FIG. 2. Diagrams corresponding to path length L =4b.

“path length” L is simply the circumference of the

diagram.
For the one-dimensional model under considera-

tion, the value of (2.10) is given by
1 d

fzb(z)eZikbz __5, E (tltz ezikb) ,

(2.12)

in which the quantities #; £, must be appropriately
averaged taking the correlations into account.

The next set of terms correspond to path length
L=4p. We indicate them graphically in Fig. 2.
The contribution to the trace of G(z) of graph (a)
of Fig. 2 is equal to

1 d
- E a2 tr(GyT,G,oTs) ,
and the total contribution of graphs (a)-(d) is given
in the more convenient expression

_% % tr[GoTy(1 + GoT5)GoTs(1 + GoTy)] - (2.13)
Graph (e) of Fig. 2 contributes

114
=3 3 2z FGTGo TG T1GoTy) - (2.14)

Evaluating these formulas for the one-dimensional
model, we obtain

(2.15)

S

. d i
f4b e41kb: - E {e‘“kb[tl(l +t2)2 t3+%t§ tg]} .

The terms contributing to f,,(z) contain (again)
various powers of the T,, ranging from O(#) to
O(#*). As we commented before, the common fea-
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ture of these terms is the circumference of the
space path representing them. In distinguishing
contributions (2.13) and (2. 14), we see the be-
ginnings of a significant qualitative differentiation
of the echo paths: those which [as in (2. 13)] reach
out to the boundary of the influence sphere and
those [as in (2. 14) above] which are highly folded
and remain primarily near the center.

In the expression (2. 14), there is a numerical
factor % which is needed to restore correct count-
ing. This is necessary because of the differentia-
tion technique which we employ.

In these terms, we have associated the contribu-
tion of each graph with the leftmost “atom” touched.
This convention assures proper counting in general.
The contribution of graph (a) of Fig. 2 is, of course,
precisely the analog of the contribution of Fig. 1.

The terms corresponding to the next possible
path length (L =6b) are generally similar, although
more numerous. Here, one must be quite careful
not to doubly count diagrams, i.e., to remember
that because of the cyclic invariance of the trace,
the same contribution may be written in more than
one way. The result, evaulated for the one-dimen-
sional 6-function model, is

1
Fop €80 =~ L LR 11,1 4 1 (11,

+B 41+ 5,2 4+ b L1+ 5 E+5 8 8]} (2.16)

I1I. COMPARISON TO SOLUBLE KRONIG-PENNEY MODEL

Consider the Hamiltonian of Sec. II for the spe-
cial case in which all atomic potentials are the
same,

H=p*/2m +125,6(x —nb) .

We then have the usual Kronig-Penney model, for
which an exact solution is available.!! In this sec-
tion we indicate the comparison with the “echo
expansion.”

The electron-dispersion relation in the Kronig-
Penney model is implicitly given by the formula

cosgb =coskb + (\/2k) sinkb . (3.1)

In this equation, ¢ is the wave vector of the Bloch
wave which has energy E, ,. As above, k is simply
the square root of this energy.

The density of states is then given by

Ldg_ 1 [, A coskb
)= 4E "2k [<1+2bk§ 2% sinkb)/

A 22 coskb) ”2]
4%* P sinkb )

(3.2)
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The trace of the exact Green’s function is now ob-
tained by performing a Cauchy integral involving
the density of states (3.2). The result, Eq. (3.3)
below, is essentially the same as (3.2). However,
the Cauchy integration must be performed very
carefully, and we have deferred that calculation to
the Appendix. The version given there is more
generally applicable to any one-dimensional periodic
lattice.

The resulting expression is then

1 by A coskb)
TrG(2) =5 [<1+2bk2 T2k sinkb)/

(1 RSN coskb)”z]
4r® ~ k sinkb :

The branch cuts of the square root are defined in
the Appendix.

The formula TrG(z) depends upon %=z'/2 in two
ways: algebraically (i.e., in powers of k) and ex-
ponentially, in the form exp(+ikb). As b is posi-
tive, the exponential exp(ikb) is small when the
imaginary part of k is positive. What we shall do
is to systematically expand TrG(z) with respect to
this small exponential, without making any expan-
sion in the algebraic 2 dependence. Thus, for ex-
ample, we make the expansion

goskb __ i<l b2 2 ez“’b”) :
sinkb =1

(3.3)

(3.4)
The resulting expansion for TrG(z) is given by

1,1,
2ik  2k%b

o (B +1) , t3>
2ikb —_ —_— PR
+e (——z—k (1 - ikd) 7t .

TrG(z)=

b
(3.5)

It is a simple mathematical exercise to verify
that precisely this expansion is given by formulas
(2.9), (2.12), (2.15), and (2.16). It is actually
easier to compute the terms of the echo series than
to expand the exact answer.

From Eq. (3.4), we see that the echo expansion
is formally on its circle of convergence (at best)
for real energies. For sufficiently large complex
energy, it is absolutely convergent.

In Sec. V, we discuss the numerical applicability
of the echo series.

IV. GENERAL FEATURES OF THE EXPANSION

At this point we can conveniently survey our re-
sults. The basic idea is to regularize the multiple-
scattering series [Eq. (1.3)] by computing it for
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Typical diagram corresponding to path length
L=2(N-1)b.

FIG. 3.

complex energy, where the unperturbed Green’s
function is exponentially small. This was suggested
to us by the coherent-potential approximation of
Soven et al.%'® However, those authors chose a
particular complex energy in order to optimize the
approximation of TrGy(E +iT') to TrG(E). Instead,
we use the imaginary part of the energy as a pa-
rameter of no physical significance and attempt to
compute the actual terms of the multiple-scatter-
ing series.

In a sense, this is a departure from the “main-
stream” of work on the multiple-scattering series
for disordered alloys. Most of the literature de-
velops self-energy schemes for performing approxi-
mate infinite-order summations of the multiple-
scattering series.*™%!2 The present work instead
explicitly sums a finite number of early terms of
the series. The results of this procedure are some-
times very satisfactory (see Sec. V). In other
cases, they are quite inadequate, and we will have
to alter the method to obtain a series useful for
real energies.

The other ingredients of the method are purely
technical. The differentiation technique introduced
in Sec. II is convenient in evaluation of the traces
of the multiple-scattering-series contributions.
Furthermore, it automatically groups terms of
same path lengths into simpler generating functions,
e.g., Egs. (2.10), (2.13), etc. However, this
technique is neither essential nor surprising.!® It
is closely related to “root-point” methods commonly
used in statistical mechanics.®

The echo expansion does have some advantages.
Consider the following subseries of the multiple-
scattering series (2.13):

—dg tr(Gy Ty G, Ty) - (4.1)

d
This subseries would be the first encountered if
(1. 3) were summed without rearrangement. How-
ever, (4.1) is not absolutely convergent when
evaluated for real energies.

From the viewpoint of the echo expansion, this
is only one of a class of contributions exemplified
by the diagram of Fig. 3. These diagrams have
path length L =2N - 2 and total elapsed distance
D=L. The various diagrams of the class differ
by having various “optional” stops at the potentials
between sites 1 and N. We sum the entire class of
contributions in the formula

2nCh, Ch=-

R. M. MORE AND K. HACKER
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d
Cy=- = tr[GoTy(1+ GoTy) - -+ 1 +GyTy 1)

XGoTy(1+GyTy. 1)+ - (1+GyTy)]. (4.2)

Now let us consider (4. 2) for 7eal energies. In
that case we have

b=,/ (2ik -2,) ,
with real %2, so that

[1+8,|=7r<1. (4.3)
Then, the contribution of the class of diagrams
summed in (4. 2) is much smaller than the one dia-
gram without the optional stops (i.e., C,<Cj}) since

Cyxvr¥-2cce®l >0, (4. 4)
Thus, by summing the diagrams consistently by
path length, we obtain an absolute convergence even
for real energies. Of course, the class of diagrams

counted in (4. 2) is not all the diagrams of path
length L, but only the subclass which reach out all
the way to the edge of the influence sphere. There
will still be folded paths of length L which make
appreciable contributions.

Unfortunately, the exponential convergence of
Eq. (4.4) is not yet the interesting exponential
convergence associated with the mean free path.!*
The result (4. 4) holds even for the ordered Kronig-
Penney model, where the true mean free path is
infinite. To obtain information about the correct
mean free path, we must compare appropriate aver-
ages of powers of ¢, with powers of averages; this
is a difficult question.

Nevertheless, (4.4) suggests that the echo expan-
sion may even be of interest for real energies.

This is a very bold conjecture, and indeed there is
no general reason to expect the series to be conver-
gent for real energies. For the ordered Kronig-
Penney model, as we showed in Sec. III, the series
is at best on its circle of convergence for real en-
ergy.

We have attempted to apply the echo series to
directly compute the density of states of ordered
and disordered systems. We give some more de-
tails in Sec. V; here we summarize our experience
by saying that the series seems to work very well
for positive energies.

For the case of attractive & functions (x,<0) in
which the individual T matrices have a bound-state
pole, the series is nof convergent in the negative-
energy range. To be more precise, it cannot be
used to directly compute the density of states for
real energies, but is only rendered convergent by
evaluating it for sufficiently large imaginary part
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of the energy.

However, for repulsive potentials (x,>0) the
series behaves much better.
of Sec. V show that the echo series provides a
simple and practical way to compute the density of
states in the region of positive energies.

The real question about the usefulness of the
method concerns its extension to three-dimensional
systems with realistic potentials. We believe that
the echo expansion will be quite useful for discuss-
ing a restricted class of three-dimensional sys-
tems.

Formulas such as (2.10), (2.13), and (2.14) are
applicable also in three-dimensional systems, be-
cause the basic differentiation formulas (2. 8) apply
also in three dimensions. The three-dimensional
multiple-scattering series then has an echo expan-
sion, but with certain important differences.

First, in three dimensions the number of echo
paths is considerably larger. This will provide

a practical limitation on applications of this method.

Of course, enumeration of the echo paths is a
geometrical problem independent of the potentials
‘present at the lattice sites, so that it may be done
once for all.

Second, the integrals in the traces, such as
(2.10), (2.13), etc., are required. In one extreme
case, they may be evaluated without any explicit
machine quadrature, and this is the extreme in
which the echo expansion will be most useful.

Let a represent the size of the potentials, i.e.,
their radius. Let R;; represent their separation.
Then, the trace tr(G,T;G,T,) may be expanded in
powers of (a/R;;) by making the usual expansion in
the unperturbed Green’s functions. In that case,
i.e., for

a/Ri;<1, (4.5)
the trace reduces to the on-shell scattering ampli-
tudes, i.e., to the scattering phase shifts.

In this extreme case, the contribution of any
diagram is obtained simply by multiplying together
factors Gy(R;,) and scattering amplitudes with the
appropriate angles indicated in the diagram.'®

Since this extreme model still permits disorder
in the strengths of the atomic potentials, it will be
interesting and convenient to study.

V.NUMERICAL RESULTS

We now discuss the numerical application of the
echo expansion to the one-dimensional problem of
Sec. II. While our results are of some interest al-
ready, we anticipate that the techniques can be
made considerably more sophisticated.

We have evaluted the Lorentz-averaged integrated
density of states {( N(E)) defined by

The numerical results
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T N(E')dE’
F(N(E»“:f (E-E?+T? 6.1
A simple calculation shows that the Lorentz average
of the actual density of states is related to the trace
of G(2) by the formula®
(p(E))p=-(1/7)Im TrG(E +iT') . (5.2)
In this application, our hope was to choose T" suffi-
ciently large so that the series “is convergent,”
and still sufficiently small so that the detailed as-
pects of the density of states are visible. One of
the ways in which the calculation might be made
more sophisticated is in developing a systematic
method for choosing I'. After two or three trials,
we settled on the value I'=0.1. Smaller values
resulted in an oscillatory curve { N(E))p, which is
certainly unacceptable.

First, we compare the integrated density of
states ( N(E))r computed by the echo series with
exact values (for real energy E). The lattice pa-
rameter is chosen to be unity (b =1) and the potential
strength A =4.0. In the echo series, we included
terms up to L = 8b.

The resulting comparison is given in Fig. 4. We
see that the values are in very good agreement in-
side the bands; at the band edge the detailed agree-
ment is not so good. Of course, a finite number of
terms of a Fourier series cannot represent a sharp
corner well. Despite the departure from the exact
density of states at the band edges, we feel that the
approximate curve gives a generally good picture
of the density of states and the energy gaps.

Next, numerical calculations were performed for
the case of a one-dimensional lattice (again with
b=1) containing vacancies. By vacancies, we mean
lattice sites withno potential (\ =0). The “occupied”
sites again had A =4.0. We assumed that the va-
cancies were distributed randomly, so that the
probability that any site was vacant did not depend
on the environment.

In Fig. 5, we compare the pure lattice with the
results for three concentrations of vacancies (10,
20, and 30%). There are several interesting fea-
tures of these curves.

In the lower half of each band (away from the
threshold), we have the behavior predicted by the
“rigid-band theorem.” The density-of-states curve
is shifted to the left without gross distribution, and the
shift is roughly proportional to the vacancy concen-
tration. We anticipate that this simple result
would not occur if the impurity potential gave rise
to scattering with some more dramatic energy
dependence.

Next, we think it is quite interesting to contrast
the quite different effect of the vacancies on the
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i FIG. 4. Comparison of the echo
Lo~ ™ series with the exact-ordered Kronig-
- Penney model. The solid line rep-
- resents the exact result for 6=1,
B A=4, The dotted curve was obtained
from the echo series including terms
B with L =8b, with I'=0.1.
0.5
0.0 | ) Y T N | T TR N T H
(o] 15 20 E

two band edges at E=10 and E=15. The lower band
edge is essentially unaffected by the vacancies,
whereas the upper band edge is moved to lower
energies.

The physical origin of this effect is quite simple.
At such a band edge, the electron wave functions
are standing waves. At the lower band edge, the
standing wave has a node on each atomic site; at
the upper band edge, it has a maximum. Then the
introduction of vacancies or indeed arbitrary im-
purities in place of the atoms cannot affect the en-
ergy of the states near the lower band edge (E=10),
whereas alloying will seriously affect the upper
edge.

L3 <N(E)>
1.5 F

We think it is quite interesting that this effect
emerges from the echo expansion. For while it is
easily understood in terms of the wave functions of
the pure infinite Kronig-Penney lattice, here we
obtain the result by considering a cluster of only
five atoms.

It would be of interest to look for a similar effect
in three-dimensional systems. An experimental
manifestation of this effect would be a great differ-
ence in sensitivity of the band-edge states to sub-
stitutional impurities or interstitial impurities.

The final general feature of the results is the
structure to be observed below the lowest band
edge, i.e., at EZ3. Here the vacancies introduce

FIG. 5. Echo series calculations
for disordered systems. Inthesecurves
(1 —¢) represents the fraction of
vacant sites. The other parameters
are the same as in Fig. 4. N(E) and
E are in dimensionless units.
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slight bumps into the curve of ( N(E)). By plotting
the heights of these bumps and comparing their
positions with obvious calculations, we ascribe them
to “bound states” in the vacancies. The higher en-
ergy bump is approximately linear in ¢ (the vacancy
concentration) and has an energy of roughly 2. 5.

The lower bump, at about E=1, is roughly quadratic
in ¢ and is conjectured to be the even bound state
associated with a pair of nearest-neighbor vacan-
cies.
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APPENDIX: ANALYTIC PROPERTIES OF THE
DENSITY OF STATES

The dispersion relation for any one-dimensional
lattice (with period b) is implicitly given by an
equation

cosqb = u(Eq) , (A1)

where the function u(E) is defined and discussed in
a paper of Kohn.'® We follow the notations of that
paper, using its formula (2. 9) as the definition of
L(E) so that we need not assume symmetry of the
potential about x=0.

The function u(z) is an entire function of z. It is
real for real energies and the only zeros of its de-
rivative p’(z) occur for real energies E,. As z
becomes large, u(z) approaches cos(bz'/?). These
properties are all established in Kohn’s paper.!®
The theorem on the zeros of u’(z) is decisive in the
sequel; it is, in fact, a special case of a well-known
theorem of Laguerre, as j(z) is a function of genus
zero (see Boas!” for the definition of genus and a
proof of Laguerre’s theorem).

Now, for real energies in the allowed bands, we
have u?<1, and the density of states per unit length
is given by

_ldg _ 1
PEY= UE T

p'(E)
[1 _ }Lz(E)]l 2

The question is to what extent one obtains the trace
of G(z) by merely inserting z for E in this formula.
Consider the function

(2)=—— _——ﬁ—u'(Z)
g b [1 [J.Z(Z)]l 2

(A2)

Because u is entire, this function g(z) has singular-
ities only at the zeros of the square root, i.e., only
at pu=+1.
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In the last part of this Appendix, we prove that
w=+1 only for real energies (in fact, at the band
edges). Temporarily accepting that, and joining
these singularities of g(z) by branch lines along the
allowed bands, we obtain the complete specification
of the first-sheet values of g(z) by the additional re-
quirement that the square root in (A2) be negative
imaginary for real z approaching minus infinity.
Then we claim that for real energies in the allowed
bands,

p(E)=limg(E+in) asn-0".
To prove this, the reader must follow the changes
in sign of all the quantities as we move from band
to band, starting with the leftmost.

Notice that the second-sheet values of g(z) are
simply

gu(2)=-g:(2) , (A3)
and so the density of states is completely analytic
on both sheets. This is, we think, rather interest-
ing and surprising.

Now consider some arbitrary complex z on the
first sheet. If C is a small contour surrounding z
in the counterclockwise sense, we certainly have

_ 1 [ g(t)dE
g(z)_ZWiL E-z

Deform the contour C to one which encircles the
allowed bands and is completed by a large circle
at infinity. The deformation is only permitted if
the integrand is analytic, and this is only true be-
cause 1 =+1 has no solutions for complex z, which
we prove below.

Using the known limiting form of u(z) for large
z, we conclude that g(£)~1/27VE (i.e., the kinetic
energy ultimately dominates the potential energy),
and therefore, the large circle does not contribute.
Using the Schwarz reflection principle, we have

p(E)dE

g(2)=2 _1 E-z )

bands M) bands

and this integral is simply related to the trace per
unit length of G(z), so that we have established

TrG(z)=—ing(z) . (A4)
Since u(z) is assumed known, this completes the
calculation of TrG(z).

Now we must show why u=+1 can only occur for
real z, as this property played a decisive role in
establishing (A4). Consider the “real lines” of
w(z) defined by the equation
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Imu(z)=0. (A5)

Along such a line, the imaginary part of u(z) is
constant (zero) and therefore the imaginary part
of the directional derivation of u(z), taken in the
direction of the line’s tangent, is also zero. Hence,
the real part of that directional derivative must be
nonzero in order to avoid a vanishing of u’(z).
Thus, the real part of u(z) is monofone along a
real line of u(z).

No two such real lines can intersect for complex
z. For that would lead to a vanishing of u’(z), as
can be seen by examining the Taylor’s series about
the putative intersection point.

A real line cannot form a closed loop in, say, the
upper half-plane. For the real part cannot be
monotone around a closed loop without a disconti-
nuity [i.e., a nonanalyticity of u(z)].

R. M. MORE AND K. HACKER
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Thus, each real line of u(z) must terminate,
either at infinity or on the real axis. If we examine
the points of attachment (E,) of the real lines to the
real axis, we see that they are zeros of p’. Again
examining the Taylor’s series about these points,
we can classify them into (a) a group which have
w(E,)>1, for which the real part is monotone in-
creasing as the line leaves the real axis, and (b) a
group which have u(En) <1, for which the real part is
monotone decreasing as the line leaves the real
axis. These types alternate regularly. Since they
cannot cross or join, they must persist out to in-
finity, where they are reflected in the asymptotic
from of u(z).

Since these are the only real lines of u(z), and
since p==+1 is never satisfied for complex z on
any of them, we conclude that u=+1 never can oc-
cur for complex energy.
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